Abstract. The class of quasi-graphic matroids recently introduced by Geelen, Gerards, and Whittle generalises each of the classes of frame matroids and liftedgraphic matroids introduced earlier by Zaslavsky. For each biased graph (G, B) Zaslavsky defined a unique lift matroid L(G, B) and a unique frame matroid F (G, B), each on ground set E(G). We show that in general there may be many quasi-graphic matroids on E(G) and describe them all: for each graph G and partition (B, L, F) of its cycles such that B satisfies the theta property and each cycle in L meets each cycle in F, there is a quasi-graphic matroid M (G, B, L, F) on E(G). Moreover, every quasi-graphic matroid arises in this way. We provide cryptomorphic descriptions in terms of subgraphs corresponding to circuits, cocircuits, independent sets, and bases. Equipped with these descriptions, we prove some results about quasi-graphic matroids. In particular, we provide alternate proofs that do not require 3-connectivity of two results of Geelen, Gerards, and Whittle for 3-connected matroids from their introductory paper: namely, that every quasi-graphic matroid linearly representable over a field is either liftedgraphic or frame, and that if a matroid M has a framework with a loop that is not a loop of M then M is either lifted-graphic or frame. We also provide sufficient conditions for a quasi-graphic matroid to have a unique framework.
Context and motivation
In series of foundational papers [8, 9, 10, 11 , 12] Thomas Zaslavsky introduced biased graphs, their associated frame and lift matroids, and established their basic properties. A matroid is a frame matroid if it may be extended so that it has a basis B such that every element is spanned by at most two elements of B. Such a basis is a frame for the matroid. A matroid M is a lift (or lifted-graphic) matroid if it is a lift of a graphic matroid; that is, if there is a matroid N with E(N ) = E(M ) ∪ {e} such that N \e = M and N/e is graphic.
These are fundamental and important classes of matroids. Frame matroids were introduced by Zaslavsky as a significant generalisation of Dowling geometries (the cycle matroid of a complete graph is a Dowling geometry over the trivial group). Moreover, classes of representable frame matroids play an important role in the matroid minors project of Geelen, Gerards, and Whittle [3, Theorem 3.1], analogous to that of graphs embedded on surfaces in graph structure theory.
Geelen, Gerards, and Whittle recently introduced the class of quasi-graphic matroids as a common generalisation of each of these classes [4] . For each quasi-graphic matroid M there is a biased graph (G, B) , where G is a framework for M and B is the set of cycles of G that are circuits of M . However, there is not enough information provided by biased graph to determine a quasi-graphic matroid. We define two notions that provide the missing information: bracelet functions and proper triparitions. A bracelet is a vertex disjoint pair of unbalanced cycles in a biased graph. A bracelet function χ is a function that maps each bracelet of a biased graph to {dependent, independent}. If χ obeys a certain condition then we say χ is proper and we may define a matroid M (G, B, χ) on E(G), in which the independence of each bracelet is given by χ. Given a graph G, a proper tripartition of the cycles of G is a partition (B, L, F) of its collection of cycles such that B obeys the theta property and every cycle in L meets every cycle in F. Given a graph G together with a proper tripartition (B, L, F) of its cycles, we may define a matroid M (G, B, L, F) on E(G), in which a bracelet is independent precisely when both of its cycles are in F. We can now state our main result. Theorem 1.1. Let M be a matroid and let (G, B) be a biased graph with E(G) = E(M ). The following are equivalent.
(1) There is a proper bracelet function χ for G such that M = M (G, B, χ).
(2) There is a proper tripartition (B, L, F) of the cycles of G such that M = M (G, B, L, F). (3) M is quasi-graphic with framework G and B is the set of cycles of G that are circuits of M .
Frame matroids.
In [10] Zaslavsky showed that the class of frame matroids is precisely that of matroids arising from biased graphs, as follows. Let M be a frame matroid on ground set E, with frame B. By adding elements in parallel if necessary, we may assume B ∩ E = ∅. Hence for some matroid N , M = N \B where B is a basis for N and every element e ∈ E is minimally spanned by either a single element or a pair of elements in B. Let G be the graph with vertex set B and edge set E, in which e is a loop with endpoint f if e is parallel with f ∈ B, and otherwise e is an edge with endpoints f, f ∈ B if e ∈ cl{f, f }. The edge set of a cycle of G is either independent or a circuit in M . A cycle C in G whose edge set is a circuit of M is said to be balanced ; otherwise C is unbalanced. Thus the cycles of G are partitioned into two sets: those that are circuits and those that are independent. The collection of balanced cycles of G is denoted B. The bias of a cycle is given by the set of the bipartition to which it belongs. Together the pair (G, B) is a biased graph. We say such a biased graph (G, B) represents the frame matroid M , and we write M = F (G, B).
The circuits of a frame matroid M may be precisely described in terms of biased subgraphs of such a biased graph (G, B). A theta graph consists of a pair of distinct vertices with three internally disjoint paths between them. The circuits of M are precisely those sets of edges inducing one of: a balanced cycle, a theta subgraph in which all three cycles are unbalanced, two edge-disjoint unbalanced cycles intersecting in exactly one vertex, or two vertex-disjoint unbalanced cycles along with a minimal path connecting them. The later two biased subgraphs are called handcuffs, tight or loose, respectively. It is a straightforward consequence of the circuit elimination axiom that a biased theta subgraph of (G, B) may not contain exactly two balanced cycles. We call this the theta property.
Zaslavsky further showed [10] that conversely, given any graph G and partition (B, U) of its cycles, all that is required for there to exist a frame matroid whose circuits are given by the collection of biased subgraphs described above is that the collection B satisfy the theta property.
1.2. Lifted-graphic matroids. Let N be a matroid on ground set E ∪ {e}, and suppose G is a graph with edge set E and with cycle matroid M (G) equal to N/e. Then M = N \e is a lifted-graphic matroid. Each cycle in G is either a circuit of N , and so of M , or together with e forms a circuit of N . Thus again the cycles of G are naturally partitioned into two sets: those that are circuits of M and those that are independent in M ; thus a lifted-graphic matroid naturally gives rise to a biased graph. Again, cycles whose edge set is a circuit of M are said to be balanced, and those whose edges form an independent set are unbalanced. In [9] Zaslavsky showed that the circuits of M are precisely those sets of edges in G inducing one of: a balanced cycle, a theta subgraph in which all three cycles are unbalanced, two edge disjoint unbalanced cycles meeting in exactly one vertex, or a pair of vertex-disjoint unbalanced cycles. The later two biased subgraphs are called tight handcuffs and bracelets, respectively. Letting B denote the collection of balanced cycles of G, we again say the biased graph (G, B) so obtained represents the liftedgraphic matroid M and write M = L(G, B). Just as with frame matroids, Zaslavsky showed that given any graph G and partition (B, U) of its cycles with B obeying the theta property, there is a lifted-graphic matroid M = L(G, B) whose circuits are precisely those biased subgraphs described above, and that all lifted-graphic matroids arise from biased graphs in this way.
1.3. Quasi-graphic matroids. In [4], Geelen, Gerards, and Whittle define the class of quasi-graphic matroids, as follows. For a vertex v, denote by loops(v) the set of loops incident to v. Given a matroid M , a framework for M is a graph G satisfying (1) E(G) = E(M ), (2) for each component H of G, r(E(H)) ≤ |V (H)|, (3) for each vertex v ∈ V (G), cl(E(G − v)) ⊆ E(G − v) ∪ loops(v), and (4) if C is a circuit of M , then the graph induced by E(C) has at most two components.
A matroid is quasi-graphic if it has a framework. It is conjectured that, in contrast to the classes of lifted-graphic and frame matroids, the class of quasi-graphic matroids enjoys some nice properties. Chen and Geelen [1] recently showed that each of the classes of frame and lifted-graphic matroids have infinitely many excluded minors. They conjecture that the class of quasi-graphic matroids has only finitely many excluded minors. And while Chen and Whittle [2] have shown that there is no polynomial-time algorithm that can recognise, via a rank-oracle, whether a given matroid is a frame matroid or a lifted-graphic matroid, Geelen, Gerards, and Whittle conjecture [4] that there is a such a polynomial-time algorithm for deciding whether or not a given 3-connected matroid is quasi-graphic. Let M be a quasi-graphic matroid, and let G be a framework for M . As before, let (B, U) be the partition of the cycles of G into two sets according to whether each cycle is a circuit (B) or independent (U) in M , and call those cycles in B balanced. Geelen, Gerards, and Whittle show that the collection B satisfies the theta property and prove the following. Lemma 3.3 ] Let G be a framework for a matroid M . If C is a circuit of M , then C induces in G one of: a balanced cycle, a theta with no cycle balanced, a tight handcuff, a loose handcuff, or a bracelet.
Thus in a biased graph the edge set of a balanced cycle, a theta containing no balanced cycle, and tight handcuffs are circuits in each of a lifted-graphic, frame, and quasi-graphic matroid. The circuit-subgraphs of these matroids differ only in bracelets: in a lifted-graphic matroid all bracelets are dependent, in a frame matroid all bracelets are independent, while in general a quasi-graphic matroid has both dependent and independent bracelets. It follows that if M is a quasi-graphic matroid with framework G, then setting B = {C : C is a cycle of G and a circuit of M } yields a biased graph (G, B) for which (G, B) ). For a subset S ⊆ E(G), denote by G[S] the subgraph of G induced by S and by B S the collection {C ∈ B : E(C) ⊆ S}. Zaslavsky suggests that a "systematic" construction ought to be a mapping M from the set of biased graphs, or from some subset, to the set of matroids such that M(G, B) is a matroid on E(G) and for each S ⊆ E(G), M(G[S], B S ) is defined and equal to the restriction M(G, B)|S of M(G, B) to S. The mappings F and L assigning to each biased graph (G, B) its associated frame and lifted-graphic matroid, respectively, are such maps. Zasvalsky asks for an intermediate-matroid construction: that is, a map M respecting It turns out that what is needed to answer Zaslavsky's questions (1) and (2) is a refinement of the notion of a biased graph, via a refinement of the partition (B, U) of its cycles. If we wish to consider those matroids that are intermediate for some biased graph as a meaningful class of matroids, then it is also necessary to impose some kind of restriction on the relationships permitted between a graph and a matroid defined on its edge set. The following example may easily be generalised to show that all matroids are intermediate for some biased graph. Example 1. Let G be the biased graph consisting of n vertices each incident to a single unbalanced loop. Then L(G, B) ∼ = U 1,n and F (G, B) ∼ = U n,n . Every loopless matroid on n elements is intermediate between L(G, B) and F (G, B).
What are we to make of the problem illustrated by Example 1, and how should we go about addressing it? The problem appears to be that components of the matroid do not correspond in any way with the components of the graph. Let us consider how matroid components and graph components align in the well-known classes of graphic, lifted-graphic, and frame matroids. Any condition we impose on our graphs and intermediate matroids defined on their edge sets should certainly be one respected by graphs and their matroids in these classes.
At one extreme, a tree represents a graphic matroid in which each element is a component. At the other extreme we have the lifted-graphic matroid of Example 1: a matroid consisting of a single parallel class of n elements is represented by a graph with n components. However, U 1,n is also represented as a lifted-graphic matroid by the graph consisting of a single vertex with n incident unbalanced loops. This turns out to be key.
In none of the classes of graphic, lifted-graphic, nor frame matroids do the components of a matroid on ground set E(G) necessarily correspond to components of the graph G. Each class contains matroids with many components defined on the ground set of a connected graph. Conversely, as we have seen, in the class of lifted-graphic matroids a connected matroid may be represented by a graph with many components. For cycle matroids of graphs, Whitney's 2-isomorphism theorem characterises the situation; a connected matroid must be represented by a connected graph. In the class of lifted-graphic matroids, though there are connected matroids represented by a disconnected graph, in this case we may always find a connected graph representing the matroid (Theorem 4.7(2) below). In the class of frame matroids, as is the case with cycle matroids of graphs, a connected matroid cannot be represented by a disconnected graph. We thus lose nothing from these classes by demanding that a component of a matroid may not bridge distinct components of a graph on whose edge set it is defined.
We therefore answer Zaslavsky's questions (1) and (2) subject to the condition that every component of a matroid on E(G) be contained in a component of G. This condition turns out to yield a rich and interesting class. Indeed, we will see that the resulting class almost coincides with the class of quasi-graphic matroids; quasi-graphic matroids are almost (but not quite!) the only matroids intermediate for biased graphs subject to this condition. Now let us return to the notion of a refinement of the partition (B, U) of the set of cycles defining a biased graph. Let G be a graph and let (B, L, F) be a partition of the cycles of G into three sets. Call such a tripartition (B, L, F) proper if B obeys the theta property and every cycle in L meets every cycle in F. Let T be the set of all pairs (G, (B, L, F)) consisting of a graph together with a proper tripartition of its cycles. We show that there is a map T from T to the set of matroids such that T respects restrictions, and for all pairs
To define our map T requires the development of a few tools. Foremost, we need a better understanding of frameworks for quasi-graphic matroids. We will return to the topic of Zaslavsky's intermediate matroids and provide our answers to questions (1) and (2) in Section 6.
Bracelet functions and tripartitions of cycles
In this section we give two explicit descriptions of quasi-graphic matroids in terms of the subgraphs induced by their circuits in a framework graph and prove Theorem 1.1. Efforts to understand which bracelets may be dependent and which may be independent lead to the notions of bracelet functions and proper tripartitions of cycles. We now explain these notions.
2.1. Bracelet functions. Let (G, B) be a biased graph. We construct an auxiliary graph to capture the relationships between bracelets in G. The cyclomatic number β(X) of a subset X ⊆ E(G) is the minimum number of edges that must be removed from the induced subgraph G[X] in order to obtain an acyclic subgraph. Let B and B be distinct bracelets of G. Then β(B ∪ B ) ≥ 3. Moreover, since B ∪ B is a union of cycles, B ∪ B has no bridge. Every graph with no bridge and cyclomatic number three is a subdivision of one of the graphs in Figure 1 or of a graph obtained by contracting some edges of one of these graphs. Neither of the two graphs at left in Figure 1 , nor any contraction of either of these graphs, contains two distinct bracelet pairs. Hence if β(B ∪ B ) = 3 then B ∪ B is a subdivision of one of the two graphs at right in Figure 1 . The bracelet graph B(G, B) of (G, B) is the graph with vertex set the collection of bracelets of (G, B) in which BB is an edge if and only if the cyclomatic number of B ∪ B is 3.
A bracelet function is a function from the set of bracelets of a biased graph (G, B) to the set {independent, dependent}. If χ is a bracelet function with the property that χ(B 1 ) = χ(B 2 ) whenever B 1 and B 2 are in the same component of B(G, B), then χ is a proper bracelet function. Given a biased graph (G, B) with bracelet function χ, let C(G, B, χ) be the collection of edge sets of: balanced cycles, thetas Figure 1 . Every bridgeless graph of cyclomatic number three is a subdivision of a contraction of one of the graphs in this figure. with no cycle in B, tight handcuffs, bracelets B with χ(B) = dependent, and loose handcuffs containing bracelets B with χ(B) = independent. Theorem 2.1. Let (G, B) be a biased graph with G connected, and let χ be a bracelet function for (G, B). If C(G, B, χ) is the set of circuits of a matroid, then χ is proper.
Proof. Suppose for a contradiction that C(G, B, χ) is the set of circuits of a matroid and χ is not proper. Then there are bracelets B 1 and B 2 adjacent in the bracelet graph of (G, B) with χ(B 1 ) = independent and χ(B 2 ) = dependent. Since B 1 and B 2 are adjacent in B(G, B) they share a cycle C that is a component of
is either a theta subgraph, tight handcuffs, or a bracelet. In the case that
is an independent bracelet, and there is a path P linking C 1 and C 2 while avoiding C,
, by the circuit elimination axiom there is a circuit in C(G, B, χ) contained in (Y ∪ B 2 ) − e. Since (Y ∪ B 2 ) − e has cyclomatic number two and contains B 1 this set is independent, a contradiction. So assume G[C 1 ∪ C 2 ] is an independent bracelet, and every path linking C 1 and C 2 meets C. Let P be a minimal path linking C and C 1 . Then B 1 ∪ P ∈ C(G, B, χ) is a circuit. Let e ∈ C. By the circuit elimination axiom there is a circuit contained in (B 1 ∪ P ∪ B 2 ) − e. But (B 1 ∪ P ∪ B 2 ) − e has cyclomatic number two and contains C 1 ∪ C 2 but no path from C 1 to C 2 , so again this set is independent, a contradiction. Theorem 2.2. Let (G, B) be a biased graph, and let χ be a proper bracelet function for (G, B). Then C(G, B, χ) is the set of circuits of a matroid.
Proof. It is clear that no element of C(G, B, χ) is properly contained in another, so we just need show that the collection satisfies the circuit elimination axiom. Let C 1 and C 2 be two elements of C(G, B, χ) and suppose e ∈ C 1 ∩ C 2 . Since β(C 1 ∪ C 2 ) is strictly greater than each of β(C 1 ) and β(C 2 ), β(C 1 ∪ C 2 ) ≥ 2. We consider the four cases β(C 1 ∪ C 2 ) = 2, 3, 4, and
The case β(C 1 ∪ C 2 ) = 2 is straightforward: Since β(C 1 ∪ C 2 ) is strictly greater than each of β(C 1 ) and β(C 2 ), β(C 1 ∪ C 2 ) = 2 if and only if C 1 and C 2 are both balanced cycles whose union is a theta graph. Because B satisfies the theta property, the cycle C 3 contained in (C 1 ∪ C 2 ) − e is balanced, so C 3 ∈ C(G, B, χ).
The following two simple observations will be used for the remaining cases.
• A connected biased subgraph H with β(H) ≥ 2 contains an element of C(G, B, χ).
• C 1 ∪ C 2 has at most three components (else C 1 ∩ C 2 = ∅).
Together these observations imply that if β(C 1 ∪ C 2 ) ≥ 5 then (C 1 ∪ C 2 ) − e has a component H with β(H) ≥ 2, and so contains an element of C(G, B, χ).
So suppose now β(C 1 ∪ C 2 ) = 4. We may assume that C 1 ∪ C 2 has three components, since otherwise (C 1 ∪ C 2 ) − e has a component with cyclomatic number at least two, which therefore contains an element of C(G, B, χ). Let A 1 , A 2 , A 3 be the components of C 1 ∪ C 2 ; without loss of generality assume β(A 1 ) = β(A 2 ) = 1 and β(A 3 ) = 2. Since C 1 and C 2 share the element e, this implies both of C 1 and C 2 are dependent bracelets and that e ∈ A 3 . Hence A 1 ∪A 2 is a bracelet, and (A 1 ∪ A 2 ∪ C 1 ) consists of three pairwise vertex disjoint unbalanced cycles. Thus A 1 ∪ A 2 and C 1 are adjacent in the bracelet graph of (G, B).
Finally suppose β(C 1 ∪ C 2 ) = 3. We may assume that C 1 ∪ C 2 has at least two components, else (C 1 ∪ C 2 ) − e has a component with cyclomatic number at least two, which therefore contains an element of C(G, B, χ). Suppose first C 1 ∪ C 2 has three components. Then each component is a single cycle, and both C 1 and C 2 are dependent bracelets. Let A 1 , A 2 , A 3 be the components of C 1 ∪ C 2 , and suppose without loss of generality that
Then as in the case above, e ∈ E(A 3 ) and A 1 ∪ A 2 is a bracelet. Since C 1 , C 2 , and
− e is a bracelet in C(G, B, χ). Now suppose C 1 ∪ C 2 has just two components, A 1 and A 2 . Then, without loss of generality, A 1 is an unbalanced cycle, C 1 is a bracelet, and A 2 is either a theta or pair of handcuffs. If e ∈ A 1 then since β(A 2 ) = 2 there is an element of C(G, B, χ) in (C 1 ∪ C 2 ) − e. So suppose e ∈ A 2 . Since all of the bracelets contained in C 1 ∪ C 2 are mutually adjacent in the bracelet graph, all are assigned dependent by χ. One of these dependent bracelets is contained in (
Denote the matroid of Theorem 2.2 by M (G, B, χ). If M = M (G, B, χ) for some biased graph (G, B) with bracelet function χ, then we say G is a graph for M .
Proper tripartitions.
We now consider refinements of the partition (B, U) of the cycles of a biased graph. Let (B, L, F) be a partition of the cycles of a graph G. We say the (B, L, F) is a proper tripartition if the cycles in B obey the theta property and every cycle in L meets every cycle in F. Given a graph G and a proper tripartition (B, L, F) of its cycles, let C(G, B, L, F) be the collection of subsets of E(G) consisting of cycles in B, thetas with no cycle in B, tight handcuffs with neither cycle in B, bracelets with both cycles in L, and loose handcuffs with both cycles in F.
Theorem 2.3. Let G be a graph and let (B, L, F) be a proper tripartition of its cycles. Then C(G, B, L, F) is the set of circuits of a matroid.
Proof. Define a bracelet function χ for (G, B) as follows. For each bracelet B = C ∪ C , define χ(B) = dependent if C and C are both in L, and χ(B) = independent if C and C are both in F. Since (B, L, F) is a proper tripartition, no bracelet of G contains a cycle in L while its other cycle is in F. This implies:
• χ is defined on every bracelet of G, and • in the bracelet graph of (G, B) no bracelet whose cycles are both in L is adjacent to any bracelet whose cycles are both in F. Thus χ is constant on each component of B(G, B); that is, χ is a proper bracelet function. Hence C(G, B, L, F) = C(G, B, χ), which by Theorem 2.2 is the set of circuits of a matroid.
Given a graph G and a proper tripartition (B, L, F) of its cycles, denote the matroid of Theorem 2.3 by M (G, B, L, F). As for matroids arising from biased graphs with bracelet functions, if M = M (G, B, L, F) for some graph G with proper tripartition (B, L, F), then we say G is a graph for M .
We need just a couple more results before we can prove Theorem 1.1. First, we need the rank function for M (G, B, L, F). Let G be a graph, and let (B, L, F) be a proper tripartition of the cycles of G. For a subset X ⊆ E(G), denote by V (X) the set of vertices incident to an edge in X and by c(X) the number of components of the induced biased subgraph G[X]. A subgraph that contains no unbalanced cycle is balanced ; otherwise it is unbalanced. Denote by b(X) the number of balanced components of
Lemma 2.4. Let G be a graph and let (B, L, F) be a proper tripartition of its cycles. The rank of a subset
Proof. Let X ⊆ E(G), and suppose X contains a frame cycle. Since every lift cycle meets every frame cycle, X cannot include two lift cycles in different components. A maximal independent set in G[X] consists of a spanning tree of each balanced component together with a spanning subgraph of each unbalanced component of cyclomatic number one in which the unique cycle is unbalanced. Thus r(X) = |V (X)| − b(X). Now suppose X does not contain a cycle in F. Then a maximal independent set in G[X] has cyclomatic number at most one, so
We use the following result of Tutte, a corollary of [7, (4.34) ], to prove the following lemma.
Theorem 2.5 (Tutte). Let (G, B) be a biased graph and suppose G is 2-connected. If C and C are unbalanced cycles in (G, B), then there are unbalanced cycles C 1 , . . . , C n such that C 1 = C, C n = C , and each C i ∪ C i+1 is a theta. We also require the following lemma from [4].
We can now prove Theorem 1.1. When it is important that the distinction be clear, an edge whose endpoints are distinct is called a link.
Proof of Theorem 1.1. (1. ⇒ 2.) Suppose the circuits of M are given by C(G, B, χ) for some proper bracelet function χ. By Lemma 2.6, for every cycle C / ∈ B, χ assigns the same value to every bracelet containing C. Thus the following partition of the unbalanced cycles of G is well-defined: let L be the collection of cycles C for which there is a bracelet B containing C with χ(B) = dependent; let F be the collection of unbalanced cycles not in L. Suppose for a contradiction that (B, L, F) is not proper. Thus there is a pair of vertex disjoint unbalanced cycles C, C such that C ∈ L and
has at most two components holds because no element of C(G, B, L, F) has more than two components. Finally, let v ∈ V (G) and let e be a link incident to v. Since C(G, B, L, F) is the set of circuits of M , there is no circuit containing e contained in
as required.
(3. ⇒ 1.) Let χ be the bracelet function defined according to the independence or dependence of each bracelet in M ; that is, for each bracelet B of G, define χ(B) = independent if and only if B ∈ I(M ). We show that M and M (G, B, χ) have the same collection of circuits.
We first show C(G, B, χ) ⊆ C(M ). Let X ∈ C(G, B, χ). If X is a balanced cycle then X is a circuit of M by definition. Suppose X is the edge set of a theta or tight handcuff with no cycle in B. By Lemma 2.7 every subgraph H of G with
be a circuit of M . Since X does not contain a cycle in B, Y is not a balanced cycle. Hence by Lemma 1.2, Y = X. Thus X ∈ C(M ). Now suppose X is the edge set of a bracelet of G. Then by definition, X is dependent in M . Let Y ⊆ X be a circuit of M . By Lemme 1.2, Y = X, so again X ∈ C(M ). Finally, suppose X is a loose handcuff in G. Again, by Lemma 2.7 X is dependent in M and so contains a circuit Y . By Lemma 1.2, either Y = X or Y is the bracelet B contained in X. But χ(B) = independent so by definition B is independent in M . Thus X = Y ∈ C(M ).
We now show that C(M ) ⊆ C(G, B, χ). Let X ∈ C(M ). By Lemma 1.2 in G, X is either (i) a balanced cycle, (ii) a connected subgraph with no cycle in B, minimum degree at least two, and exactly one more edge than vertices, or (iii) a bracelet. If X ∈ B, then X ∈ C(G, B, χ). If X is one of the subgraphs of the form (ii), then X is either a theta with no cycle in B, tight handcuffs, or loose handcuffs. In the first two cases, X ∈ C(G, B, χ). If X is a pair of loose handcuffs, then the bracelet properly contained in X is independent, so χ(X) = independent and X ∈ C(G, B, χ). Finally, suppose X is a bracelet. Then χ(X) = dependent so again X ∈ C(G, B, χ).
Degenerate tripartitions.
We close this section with a useful observation about proper tripartitions. Let G be a graph and let (B, L, F) be a proper tripartition of the cycles of G. Call the collection
Examples
Examples of quasi-graphic matroids that are neither frame nor lifted-graphic are not so easy to come by. Example 2 below is a non-example which may provide some intuition for why this may be.
The proper tripartition construction of Theorem 1.1 makes finding examples a little easier.
Example 3. Let G be a graph, and let C be a 4-cycle in G. Let the edges of C in cyclic order be e 1 , e 2 , e 3 , e 4 . Let
• B be the the collection of cycles of G that meet C in an even number of edges.
• L be the set of cycles that meet C in just e 1 or just e 3 .
• F be the cycles that meet C in just e 2 , just e 4 , or in precisely three edges. Since B obeys the theta property and every cycle in L meets every cycle in F, (B, L, F) is a proper tripartition of the cycles of G. Thus M (G, B, L, F) is quasigraphic. As long as G has sufficiently many vertices and is sufficiently connected neither L nor F is degenerate, so M (G, B, L, F) is neither lifted-graphic nor frame. 1, 1), . . . , (1, m−1). In each torus grid above, the pair of cycles bounding the union of the shaded faces form a bracelet.
In particular, one can choose G to be a complete graph on at least 8 vertices to obtain a quasi-graphic matroid that is neither frame nor lifted-graphic. Setting |V (G)| = n, this yields a family of quasi-graphic matroids of rank n with O(n 2 ) elements. Observe however that for each matroid M (G, B, L, F) in this family, deleting any one of the four vertices in V (C) yields a subgraph with a degenerate tripartition.
Example 4. Let G be the graph obtained as follows from the complete bipartite graph K a,b , with bipartition (A, B) where |A| = a, |B| = b. Add the edges of an a-cycle C on A and add the edges of a b-cycle C on B to obtain graph G. The bracelet C ∪ C is an isolated vertex in the bracelet graph for (G, ∅). Thus if we let one of L and F be {C, C } and the other consist of the remaining cycles in G, then the tripartition (∅, L, F) is a proper tripartiton that is non-degenerate. All of these graphs G with tripartitions have the property that for every vertex v in V (G), removing v yields a subgraph with a degenerate tripartition.
Example 5. Let G be a graph that is embedded in the torus and let B be the collection of contractible cycles of G. Each non-contractible cycle is in a homology class (a, b) ∈ Z × Z where (a, b) is a relatively prime pair. Cycles in two different homology classes must intersect. Thus each bracelet consists of a pair of cycles in the same homology class, and two bracelets from distinct homology classes cannot be adjacent in the bracelet graph of (G, B). Thus the number of connected components of the bracelet graph is the number of homology classes containing bracelets. For the 2m × 2m torus grid or any embedded graph containing it as a minor, there is a bracelet in each of the homology classes (1, k), (−1, k), (k, 1), and (−k, 1) for k ∈ {0, . . . , m − 1} (see Figure 2 ) so this number is at least 4m − 4. Thus graphs embedded on the torus yield a family of biased graphs with n vertices and O(n) edges whose bracelet graphs can have O( √ n) components. So an n-vertex biased graph (G, B) coming from an embedding in the torus can yield in the order of 2 √ n pairwise non-isomorphic quasi-graphic matroids.
In contrast to the families described in the previous two examples, there is no finite bound b such that from every graph in the family it is possible to remove at most b vertices to obtain a subgraph with a degenerate tripartition.
On Quasi-graphic matroids
In this section we apply Theorem 1.1 to prove some results about quasi-graphic matroids.
4.1. Representability over a field. In [4] Geelen, Gerards, and Whittle prove the following. An easy application of Theorem 1.1 and Ingleton's inequality provides an alternate proof, and shows that 3-connectivity is not required. Ingleton showed [5] that if M is linearly representable over some field, then for all subsets A, B, C, D ⊆ E(M ) the following inequality holds:
It is an easy check that a quasi-graphic matroid M (G, B, L, F) with neither L nor F degenerate violates Ingleton's inequality: 
The following is a straightforward application of definitions and consideration of circuit-subgraphs.
Theorem 4.5.
• such that C and C are disjoint. Since (B, L, F) is proper, it cannot be the case that one of C or C is in F while the other is in L. Neither can it be the case that both C and C are in F, since then no cycle in L could meet both C and C . But similarly, neither can both C and C be in L.
Thus if M is connected yet has a framework that is not connected, M is liftedgraphic. Moreover, by Theorem 4.6 if M is connected we can always ask for a connected framework for M : Corollary 4.7. Let G be a graph and let (B, L, F) be a proper tripartition of the cycles of G such that M = M (G, B, L, F) is connected.
(1) Either G is connected or M is lifted-graphic.
(2) If M is lifted-graphic, then M has a connected graph obtained by successively identifying pairs of vertices in distinct components of G.
Thus every quasi-graphic matroid has a connected framework. Our next result says that quasi-graphic matroids are essentially 3-connected: a connected quasi-graphic matroid that is neither lifted-graphic nor frame is either 3-connected or decomposes along 2-sums with graphic matroids. Proof. Suppose not for a contradiction, and let M be a counterexample whose set of elements is minimal. In particular, there can be no 2-separation of G which corresponds to a link-sum with a balanced biased graph. By Theorem 4.6 G is 2-connected. Since M is connected but not 3-connected, it must have a 2-separation (A, B) . Let c A be the number of components of G[A] and c B the number of components of G [B] . Choose (A, B) so as to minimise c A + c B . Let S be the set of vertices incident to edges in both A and B. Since G is 2-connected, no component of A or B can meet S in fewer than 2 vertices.
Claim. There is no balanced component of A or B having precisely 2 vertices in S.
Proof of Claim. Suppose for a contradiction that there is such a component X, without loss of generality a component of A. Then X consists of a single edge x (else M would be a 2-sum of a biased graphic matroid and a graphic matroid, given by the link-sum corresponding to the 2-separation (X, E(G) \ X)). But now r(A \ {x}) = r(A) − 1 and r(B ∪ {x}) ≤ r(B) + 1, so that the order of (A \ {x}, B ∪ {x}) is at most that of (A, B). Since the order of (A, B) is at most 1 and that of (A \ {x}, B ∪ {x}) is at least 1, we must have r(B ∪ {x}) = r(B) + 1 and the order of (A \ {x}, B ∪ {x}) is precisely 1.
Since we chose (A, B) to minimise c A + c B , (A \ {x}, B ∪ {x}) cannot be a 2-separation and so |A| = 2. Thus |S| = 4. Since r(B ∪ {x}) = r(B) + 1, B is not spanning and so A is codependent. Since M is connected, A must be a cocircuit, so its two elements are in series in M . But then M is a 2-sum of M/x with M (K 3 ). M/x is connected since M is. By Proposition 4.5 M/x = M ((G, B, L, F)/x). Our next aim is to show that neither L/x nor F/x is degenerate.
There are two cases. The first is that at least two components of B meet X. In this case, since each of these components meets S in at least 2 vertices and S has only 4 vertices, these two are the only components of B. Let v be an endpoint of x. Since F is nondegenerate, there is some C ∈ F not containing v. Thus C must be contained in some component Y 1 of B. Let Y 2 be the other component. Y 2 cannot also contain a cycle in F, since r(B) = r(M ) − 1 = |V (B)| − 1. But Y 2 cannot contain a cycle in L either, since (B, L, F) is proper. So Y 2 is balanced, and has precisely 2 vertices in S, so as above it consists of a single edge y. But then x and y are in series in G, and so neither L/x nor F/x can be degenerate.
The second case is that only one component Y of B meets X. Then Y must contain at least one further vertex of S, and since S has only 4 vertices Y must contain S and so in fact B must be connected. In this case, since r(B) = r(M )−1 = |V (B)| − 1 we must have that B is balanced. Since F is not degenerate, there are disjoint cycles C 1 and C 2 in F. Then C 1 and C 2 must meet A in different edges, so one of them, say C 1 , must contain x. Then C 1 /x and C 2 are disjoint cycles in F/x, which is therefore also nondegenerate. Similarly L/x is nondegenerate.
By the minimality of M , M/x can be obtained via 2-sums of a single 3-connected matroid as in the statement with graphic matroids, and hence so can M , giving the desired contradiction.
We use r G to denote the rank function of M (G) (r is used for the rank function of M ). We define d to be (r(A) − r G (A)) + (r(B) − r G (B)). Then the equation for the order of (A, B) tells us that 1 = r(A)+r(B)−r(E) = (r G (A)+r G (B)−r G (E))−1+ Since both A and B are balanced, every cycle in F must meet both A and B and so must contain at least 2 of these 3 vertices, contradicting the assumption that F is non-degenerate.
Cryptomorphisms

Independent sets and bases.
Recall that for a graph G and a proper tripartition (B, L, F) of its cycles, the rank function of the matroid M (G, B, L, F) in terms of induced subgraphs is given by Lemma 2.4. Here we observe that this function may be expressed in terms of the rank functions of the lift matroid L(G, B) and frame matroid F (G, B) . Let (G, B) be a biased graph and let 
contains a cycle in F and is independent in F (G, B) or if X does not contain a cycle in F and is independent in L(G, B). An explicit description is given in the following theorem. • maximal subgraphs each of whose components is either a tree or contains a single cycle that is in F.
5.2.
Cocircuits and a unique representation theorem. We now determine the graphical structure of cocircuits and their complementary hyperplanes in quasigraphic matroids. Since the structure of cocircuits in frame matroids and liftedgraphic matroids is understood, let us consider a proper tripartition (B, L, F) of the cycles of a graph G with neither L nor F degenerate. For a biased graph (G, B), a set of edges X ⊆ E(G) is a balancing set if B does not contain all cycles of G but B contains all cycles of G − X. The rank function given in equation (1), along with the fact that if neither L nor F is degenerate then G has precisely one unbalanced component, immediately implies that the cocircuits of M (G, B, L, F) are precisely those edge sets X minimal with respect to the property that either
• X is a balancing set of G,
• G − X has precisely one more balanced component than G and contains a cycle in F, or • G − X has precisely one more component than G and a cycle in L, but no cycle in F. With only a little effort we obtain the following more precise description of the cocircuits of M (G, B, L, F). A depiction of the cocircuits described in the following theorem is given in Figure 3 . (1) C is a minimal balancing set of (G, B).
(2) C is a bond which separates G into connected subgraphs X and Y for which X is balanced and Y is unbalanced. (3) C is a bond which separates G into connected subgraphs X and Y which are both unbalanced and every unbalanced cycle in G − C is in L. (4) C is a disjoint union K ∪ B for which G − K has connected components X, Y 1 , . . . , Y m with each edge in K having exactly one endpoint in X, each Y i is unbalanced with each unbalanced cycle in F, and B is a minimal balancing set (possibly empty) of X.
A star in a graph is the set of edges that are not loops incident to a vertex. The star whose edges are incident to the vertex v is the star at v. A vertex v is a balancing vertex if its set of incident edges is a balancing set. Let us call a proper tripartition (B, L, F) of the cycles of a graph G degenerate if one of L or F is degenerate. Observe that if G has a balancing vertex, then necessarily (B, L, F) is degenerate. Proof. Since the tripartition is non-degenerate and M (G, B, L, F) is connected, G is loopless. By Theorem 4.6, G is 2-connected. Thus the set of edges X incident to a vertex v separates G into exactly two components: the isolated vertex v and G − v. Because G has no balancing vertex, G − v is unbalanced. Hence E(G) − X has rank one less than the rank of E(G) and is minimal with respect to this property. The result follows.
Proof of Theorem 5.2. Let M = M (G, B, L, F) . By Corollary 4.7 G is connected, so the rank of M is |V (G)|. Let C be a subset of E(G) of the form described in one of statements (1)-(4) in the theorem. Then E(G) − C is closed and has rank r(M ) − 1, so C is a cocircuit of M .
For the converse, let C be a cocircuit of M . Assume that C does not contain a balancing set. Then G − C contains an unbalanced cycle and has rank less than that of M , so the rank function implies that G − C is disconnected. Let X, Y 1 , . . . , Y m be the components of G − C. If all of X, Y 1 , . . . , Y m are unbalanced, then all of the unbalanced cycles in G − C are either in L or in F. In the latter case, the rank of G − C is still |V (G)|, a contradiction. Thus all of the unbalanced cycles in G − C are in L and by minimality C has the form described in statement (3) . So now assume that not all of X, Y 1 , . . . , Y m are unbalanced; suppose X is balanced. The rank function implies that X is the only balanced component. Let K be the subset of C consisting of edges whose endpoints are in distinct components of G−C and let B be the subset of edges of C consisting of edges with both endpoints in the same component of G − C. If m = 1, then the minimality of C implies that either B = ∅ and C has the form of statement (2) or B = ∅ and C the form of statement (4). So now assume m ≥ 2. As before, either all unbalanced cycles remaining in G − C are in L or all are in F. The rank function implies that it must be the latter: all unbalanced cycles in Y 1 , . . . , Y m are in F. Finally, the minimality of C implies that each edge in K has one endpoint in X and that each edge in B has both endpoints in X. That is, C has the form described in statement (4).
The characterisation of the cocircuits of M (G, B, L, F) given in Theorem 5.2 yields the following sufficient conditions for uniqueness of representation for quasi-graphic matroids. We say a hyperplane H of a matroid M is 3-connected or binary when the restriction of M to H has the property of being 3-connected or binary. • C is not (1) a minimal balancing set of (G, B), since then H would be graphic.
• C is not (2) a bond separating G into connected subgraphs X and Y for which X is balanced and Y is unbalanced, unless E(X) = ∅, since otherwise H would be disconnected.
• C is not (3) a bond separating G into two connected subgraphs X, Y , both of which are unbalanced and with every unbalanced cycle in L, since then (E(X), E(Y )) would be a 2-separation of H.
• C is not of the form of statement (4), since then H would be disconnected. Thus C is a star. Proof. Let C and C be a pair of vertex-disjoint cycles in F, and let P, P be a pair of vertex-disjoint paths linking C and C . By [6, Lemma 6] , the restriction of M (G, B, L, F) to E(C ∪ P ∪ P ∪ C ) contains U 2,4 as a minor.
Proof of Theorem 5.4. Set
. By Proposition 5.3 the star at v is a cocircuit of M . Let H be its complementary hyperplane. Since in the induced tripartition of the cycles of G − v the collection F is non-degenerate, by Lemma 5.6 H is non-binary. Since G is 4-connected, G − v is 3-connected. We claim H is 3-connected. To see that this is so, suppose the contrary. Then by Theorem 4.8 H is obtained via 2-sums of a single 3-connected quasi-graphic matroid with graphic matroids. But any such 2-sum induces either a 1-or a 2-separation of G[E(H)], a contradiction.
Thus M has |V (G)| 3-connected non-binary hyperplanes. By Lemma 5.5, in every framework for M the complementary cocircuit of each of these hyperplanes is a star.
Biased graphic matroids
We now return to Zaslavsky's question about matroids whose independent sets are "intermediate" between those of L(G, B) and F (G, B) for a given biased graph (G, B). As noted at the end of Section 1.3, if M is quasi-graphic and G is a framework for M , then setting B = {C : C is a cycle of G and a circuit of M } yields a biased graph (G, B) which satisfies Zaslavsky's intermediate condition
I(L(G, B)) ⊆ I(M ) ⊆ I(F (G, B)).
By Theorem 1.1, the map T from the set of all graphs equipped with proper cycle tripartitions to the set of matroids is an intermediate matroid construction which yields all quasi-graphic matroids. Given a biased graph (G, B), are there any other matroids intermediate between L (G, B) and F (G, B)? We propose a natural nondegeneracy condition, and show that subject to this condition the answer is, "technically, yes, but in essence, no". More precisely, given a biased graph (G, B), subject to this non-degeneracy condition we show that if G is 2-connected then all matroids intermediate for (G, B) are quasi-graphic, and if G is connected but not 2-connected, then all matroids intermediate for (G, B) are obtained as 2-sums of lifted-graphic and frame matroids. We also show that if G is a framework for a connected quasigraphic matroid M and G is not 2-connected, then M is either lifted-graphic or frame. Thus we show that the only matroids intermediate between L (G, B) and F (G, B) for some biased graph (G, B) that are not quasi-graphic arise as 2-sums of lifted-graphic and frame matroids, while all quasi-graphic matroids with a framework that is not 2-connected are obtained as 2-sums in which either all summands are lifted-graphic or all summands are frame.
The most convenient way to begin is by defining the class of matroids determined by Zaslavsky's intermediate condition and our non-degeneracy condition. Let M be a matroid and let G be a graph. Let us say that M is biased graphic with graph G, and that G is a graph for M , if each of the following hold: there is a biased graph (G, B) such that M is intermediate between L (G, B) and F (G, B) , so long as distinct components of M do not bridge more than one component of G. The non-degeneracy condition (3) is required to avoid issues such as that raised by Example 1 in Section 1.4.
All circuits of a frame matroid F (G, B) induce connected subgraphs of G, so all frame matroids are biased graphic. Recall that while there exist biased graphs (G, B) in which G is disconnected while the lifted-graphic matroid L (G, B) is connected, in this case there always exists a connected graph H obtained by identifying pairs of vertices in distinct components of G such that L(G, B) = L(H, B) (by Corollary 4.7). Thus condition (3) does not exclude any lifted-graphic matroid. Therefore all lifted-graphic matroids and all frame matroids are biased graphic. We have already observed that for each quasi-graphic matroid there is a biased graph such that conditions (1) and (2) of the definition of a biased graphic matroid is satisfied. It is not hard to show that that we may choose such a biased graph so that (3) is also satisfied.
Theorem 6.1. Let M be a quasi-graphic matroid. Then M is biased graphic.
Proof. It suffices to show that every connected quasi-graphic matroid is biased graphic. Let M be a connected quasi-graphic matroid. By Corollary 4.7, M has a connected framework G. Then E(G) = E(M ), so (1) is satisfied. Since M and G are both connected, (3) holds. Let B be the set of cycles of G that are circuits of M . Let C be a circuit of M . By Lemma 1.2, G[C] is either a cycle in B, or one of the following biased subgraphs: a theta with no cycle in B, tight handcuffs, loose handcuffs, or a bracelet. This implies that every dependent set of M is dependent in L(G, B). By Lemma 2.7 every dependent set of F (G, B) is dependent in M . Hence M and (G, B) satisfy (2).
So all quasi-graphic matroids are biased graphic. Are there biased graphic matroids that are not quasi-graphic? The answer is yes, but rather surprisingly, none that are 3-connected. Moreover there is an easy characterisation in terms of 2-sums of lifted-graphic and frame matroids. To show this, we now turn our attention to the class of biased graphic matroids itself.
Let (G, B) be a biased graph and let 
Lemma 6.2. Let M be a connected biased graphic matroid with graph G.
Proof. (1) In the case B contains all cycles of G, both L(G, B) and F (G, B) are the cycle matroid of G, so M = M (G) is graphic and r(M ) = |V (G)| − 1. Otherwise, since G is connected, r(L(G, B)) = r(F (G, B) ) = |V (G)|.
(2) Suppose to the contrary that G has a cut vertex v. Let (A, B) be a partition of E such that V (A) ∩ V (B) = {v}. Since M is connected, G is connected, and so both of the induced subgraphs
, G) is balanced, and zero otherwise. Then
Recall that the cyclomatic number β(X) of a subset X ⊆ E(G) is the minimum number of edges that must be removed from the induced subgraph G[X] in order to obtain an acyclic subgraph. We say X is unicyclic if β(X) = 1. The following lemma is key. The class of quasi-graphic matroids requires condition (4) in the definition of a framework in order to avoid the "catastrophe" that without it, all matroids would be quasi-graphic [4] . Though it is a weaker statement than that of condition (4) for frameworks, Lemma 6.3 provides the necessary structure to ensure our class is meaningful. Lemma 6.3. Let M be connected biased graphic matroid and let G be a graph for M . If X is a circuit of M then β(X) ≤ 2.
Proof. We may assume without loss of generality that G is connected. Let X be a circuit of M and suppose for a contradiction that β(X) > 2. Then X does not contain a cycle in B, and nor does X contain a theta, a pair of tight handcuffs, or a pair of loose handcuffs: each of these has cyclomatic number ≤ 2 and since each is dependent in F (G, B), this would imply that X strictly contains a dependent set, a contradiction. Thus G[X] has at least three components and each component of G [X] has cyclomatic number at most 1.
Let X 1 , . . . , X n be the edge sets of the components of G[X] with β(X i ) = 1, and let T 1 , . . . , T m be the edge sets of components of G[X] with β(T j ) = 0. By assumption n ≥ 3. For each i ∈ {1, . . . , n}, let C i be the cycle contained in X i and let e i be an edge in C i . Then G[X]\{e 1 , . . . , e n } is a forest. Since G is connected, there is a set of edges Y such that the induced subgraph G[X]\{e 1 , . . . , e n } ∪ Y is a tree. Let Z 1 = X\{e 2 , . . . , e n } ∪ Y . Since Z 1 contains just one cycle (the cycle C 1 ) which is unbalanced, Z 1 is independent in L(G, B), and so independent in M . Consider Z 1 ∪ e 2 . This set contains the loose handcuff H 2 consisting of C 1 ∪ C 2 together with the path P 2 in G[X]\{e 1 , . . . , e n } ∪ Y linking C 1 and C 2 . Since H 2 is a circuit of F (G, B), H 2 is dependent in M . More precisely, Z 1 ∪ e 2 contains a unique circuit W 2 ⊆ H 2 . Since W 2 is not contained in X, W 2 contains at least one edge f 2 that is not contained in X. Thus f 2 ∈ P 2 . Let Z 2 = Z 1 ∪ e 2 − f 2 . Since the deletion of f 2 destroys the circuit W 2 , and W 2 is the only circuit contained in Z 1 ∪ e 2 , Z 2 is independent. Observe that G[Z 2 ] has two unicyclic components, one of which contains C 1 , the other containing C 2 , and that for each i ∈ {3, . . . , n}, C i − e i is contained in one of these two components. Now consider Z 2 ∪ e 3 . Let C ∈ {C 1 , C 2 } be the cycle disjoint from but contained in the same component of G[Z 2 ∪ e 3 ] as C 3 . Let P 3 be the unique path in Z 2 linking C and C 3 . Then H 3 = C ∪ P 3 ∪ C 3 is a loose handcuff contained in Z 2 ∪ e 3 . As before, since H 3 is dependent in F (G, B) , H 3 is dependent in M and so M has a circuit W 3 ⊆ H 3 . Since W 3 is not contained in X, W 3 contains an edge f 3 ∈ P 3 that is not contained in X. Let Z 3 = Z 2 ∪ e 3 − f 3 . Since deleting f 3 destroys the circuit W 3 and Z 2 ∪ e 3 does not contain any other circuit, Z 3 is independent. Observe that G[Z 3 ] has three unicyclic components, which contain cycles C 1 , C 2 , and C 3 , respectively, and that for each i ∈ {4, . . . , n}, C i − e i is contained in one of these components.
Continue in this manner. In each step i we add edge e i+1 to Z i . Since each component of G[Z i ] that contains an edge in X 1 ∪· · ·∪X n contains exactly one of the cycles C 1 , . . . , C i , Z i ∪ e i+1 contains a unique loose handcuff
and so f i+1 is in the path linking the two cycles of the loose handcuff H i+1 . Since W i+1 is the unique circuit contained in Z i ∪ e i+1 and deleting f i+1 destroys W i+1 ,
] has i + 1 unicyclic components, containing cycles C 1 , . . . , C i+1 , respectively. For each j ∈ {i + 2, . . . , n} the edge set C j − e j is contained in one of these components.
This process ends after n − 1 steps with an independent set Z n . Since we started with a set of edges containing X\{e 2 , . . . , e n } (the set Z 1 ), added each of e 2 , . . . , e n to this set, and removed only edges not in X, the independent set Z n contains the circuit X. This is a contradiction. 6.1. Bracelet functions and tripartions. We now show that our descriptions of quasi-graphic matroids using bracelet functions and proper tripartitions in fact describe biased graphic matroids. Theorem 6.4. Let M be a biased graphic matroid with graph G. If G is 2-connected, then the circuits of M are precisely those edge sets given by C(G, B, χ) for some proper bracelet function χ on the bracelet graph of (G, B).
Proof. Let χ be the bracelet function defined according to the independence or dependence of each bracelet in M ; that is, for each bracelet B of G, χ(B) = independent if and only if B ∈ I(M ).
(C(M ) ⊆ C(G, B, χ).) Let X ∈ C(M ). If X forms a cycle in G then X ∈ B ∈ C(G, B, χ), so assume X is not a cycle. Certainly then neither does X contain a balanced cycle. By Lemma 6.3, β(X) ≤ 2. If β(X) ≤ 1 then X would be independent in L(G, B) and so independent in M ; thus β(X) = 2. Therefore G[X] contains a theta, a tight handcuff, or a bracelet. Suppose T ⊆ X is the edge set of a theta or tight handcuff in G. Then T is dependent in F (G, B) and so dependent in M , while every proper subset of T is independent in L(G, B) and so independent in M . Thus X = T , and X ∈ C(G, B, χ). Now suppose X contains a bracelet C 1 ∪ C 2 . Every proper subset of C 1 ∪ C 2 is independent in L(G, B) and so independent in M . Thus either X = C 1 ∪C 2 and χ(C 1 ∪C 2 ) = dependent or X properly contains C 1 ∪C 2 and χ(C 1 ∪ C 2 ) = independent. In the first case, X ∈ C (G, B, χ) . So assume the second case holds, and suppose for a contradiction that X is not a loose handcuff. Since every loose handcuff in G is dependent in F (G, B) , and so dependent in M , X does not contain a loose handcuff. Therefore there is no path in G[X] connecting C 1 and C 2 . Let e 1 ∈ C 1 and e 2 ∈ C 2 . Then X\{e 1 , e 2 } forms a forest in G with C 1 − e 1 and C 2 − e 2 in different components. Since X properly contains C 1 ∪ C 2 , there is an element x ∈ X − (C 1 ∪ C 2 ) such that x has an end v of degree 1 in G[X]. Because G is 2-connected, G − v is connected. Hence there is a set of edges W such that (X ∪ W ) − {e 1 , e 2 , x} is a tree spanning G − v and (X ∪ W ) − {e 1 , e 2 } is the edge set of a spanning tree of G in which v is a leaf. Now (X ∪ W ) − x contains a unique loose handcuff consisting of C 1 ∪ C 2 along with the path P linking C 1 and
If X is the edge set of a balanced cycle, theta subgraph with no cycle in B, or handcuff of (G, B) then X is already dependent in F (G, B), and if X is a bracelet with χ(X) = dependent then this is true by the definition of χ. Thus X must include a circuit X of M , which as we have just shown is then a circuit of M (G, B, χ). Since no circuit of M (G, B, χ) is a proper subset of any other, we have X = X and therefore X ∈ C(M ).
This completes the proof that C(G, B, χ) = C(M ). By Theorem 2.1, χ is proper.
Theorem 6.5. Let (G, B) be a biased graph, and let χ be a proper bracelet function for (G, B). The matroid M = M (G, B, χ) is biased graphic. Moreover, either G is a graph for M or there is a graph for M obtained by successively identifying pairs of vertices in distinct components of G.
Proof. Since M is quasi-graphic, as noted at the end of Section 1.3 the independent sets of M satisfy I(L (G, B)) ⊆ I (M ) ⊆ I (F (G, B) ). We now show that either every component of M is contained in a component of G, or there is a graph H obtained by identifying pairs of vertices from distinct components of G such that M = M (H, B, χ) . By Theorem 1.1 there is a proper tripartition (B, L, F) of the cycles of G so that M = M (G, B, L, F). Since every cycle in L meets every cycle in F, if more than one component of G is unbalanced then either L or F is empty. Suppose G has more than one unbalanced component and that L is empty. Then M = F (G, B). Since every circuit of M is a connected subgraph of G, every component of M must be contained in a component of G. Now suppose that G has more than one unbalanced component and that F is empty. Then M = L(G, B) is lifted-graphic. By Theorem 4.7 there is a connected graph for M obtained by successively identifying pairs of vertices in distinct components of G.
Finally, assume that G has at most one unbalanced component. If G is balanced, then the result follows from Whitney's 2-isomorphism theorem (or from Theorem 4.7). So assume G has exactly one unbalanced component K, and let K 1 , . . . , K k be the balanced components of G. Let v 1 , . . . , v k be (not necessarily distinct) vertices of K, and for i ∈ {1, . . . , k} let u i be a vertex of K i . Let H be the graph obtained identifying each vertex u i with v i . Then the collection of cycles of H is precisely that of G. Since no subgraphs forming circuits are created or destroyed during this process, M (G, B, χ) 
For convenience sake we record the follow immediate consequence of Theorems 1.1 and 6.4. Theorem 6.6. Let M be a connected biased graphic matroid with graph G. If G is 2-connected, then the circuits of M are given by C(G, B, L, F) for some proper tripartition (B, L, F) of the cycles of G.
The following is the analogue of Theorem 4.4 for biased graphic matroids.
Theorem 6.7. Let M be a biased graphic matroid and let G be a graph for M . If G is 2-connected and has an unbalanced loop, then M is either lifted-graphic or frame.
Proof. By Theorem 6.6 the circuits of M are given by C(G, B, L, F) for some proper tripartition of the cycles of G. Since every cycle in L meets every cycle in F, one of L or F is degenerate.
6.2. Link-sums and Loop-sums. None of the classes of frame, lifted-graphic, quasi-graphic, nor biased graphic matroids are closed under 2-sums. However, each is closed under 2-sums with a graphic matroid. Further, with the exception of the class of quasi-graphic matroids, there is a natural 2-sum of biased graphs, corresponding to a 2-sum of matroids, that does always yield a matroid that remains in the class containing the summands.
Let M 1 and M 2 be two biased graphic matroids. Let G 1 be a graph for M 1 and let G 2 be a graph for M 2 , and assume e = {E(M 1 ) ∩ E(M 2 )}. If e is a link in G 1 and every cycle of G 2 is a circuit of M 2 (that is, M 2 is graphic and M 2 is the cycle matroid of G) then the 2-sum of M 1 and M 2 on basepoint e may be realised in the graphs as follows. Suppose u 1 , v 1 are the endpoints of e in G 1 and u 2 , v 2 are the endpoints of e in G 2 . The link-sum of G 1 and G 2 on e is the graph G 1 ⊕ e 2 G 2 obtained by identifying u 1 with u 2 and identifying v 1 with v 2 , then deleting e. It is straightforward to check that G 1 ⊕ e 2 G 2 is a graph for the matroid M 1 ⊕ e 2 M 2 obtained as the 2-sum of M 1 and M 2 on basepoint e. Now suppose that e is an unbalanced loop in each of G 1 and G 2 . The loop-sum of G 1 and G 2 on e, denoted G 1 ⊕ e 2 G 2 , is obtained by identifying the end of e in each of G 1 and G 2 , then deleting e. Again it is straightforward to check that G 1 ⊕ e 2 G 2 is a graph for the 2-sum of M 1 and M 2 taken on basepoint e.
A 2-sum corresponding to a loop-sum of two biased graphs provides an example of a biased graphic matroid for which the conclusions of Theorems 6.4 and 6.6 fail.
Here we have a 2-sum of two quasi-graphic matroids which yields a biased graphic matroid that is not quasi-graphic.
Example 6. Let M be a frame matroid that is not lifted-graphic and let N be a lifted-graphic matroid that is not frame, and assume E(M ) ∩ E(N ) = {e}. Let G be a graph for M and let H be a graph for N , and assume that e is an unbalanced loop in each of G and H. It is straightforward to check that the loop-sum G ⊕ e 2 H is a graph for M ⊕ e 2 N , so M ⊕ e 2 N is biased graphic. Let C be a circuit of M containing e that forms a loose handcuff in G. Let C be a circuit of N containing e that forms a bracelet in H. Then (C − e) ∪ (C − e) is a circuit of M ⊕ e 2 N that does not have the form of any of the circuit-subgraphs of Lemma 1.2.
Let G be a graph for a connected biased graphic matroid M , and suppose G is not 2-connected. Since M is connected, G is connected. Let v be a cut vertex of 
The graph G B is a graph for the analogously defined matroid M B on B ∪ {e}.
Equipped with this simple decomposition tool, we may now prove the following. Theorem 6.8. Let M be a connected biased graphic matroid, and let G be a graph for M . If G is not 2-connected, then the restriction of M to each block of G is either lifted-graphic or frame.
Proof. We proceed by induction on the number of blocks of G. Suppose G has precisely two blocks. Let H 1 and H 2 be the blocks of G. Each of H 1 and H 2 is either 2-connected or has at most two vertices. A matroid whose graph has at most two vertices is both frame and lifted-graphic, so assume
The graphs G A , G B are graphs for the matroids M A , M B , respectively, defined above. Since each of G A and G B is 2-connected with an unbalanced loop, by Theorem 6.7 the restriction of M to each of A and B is either lifted-graphic or frame. Now suppose G has n ≥ 3 blocks. Choose a leaf block L in the block-cutpoint graph of G. Set A = E(L) and B = E(M ) − A. By induction the restriction of M to the edge set of each block of G[B] is either lifted-graphic or frame. Since G A is 2-connected with an unbalanced loop, by Theorem 6.7 M |A is either lifted-graphic or frame.
6.3. Quasi-graphic and biased graphic matroids. We now investigate the relationship between the classes of biased graphic matroids and quasi-graphic matroids. We show that for 3-connected matroids the classes coincide, and characterise those biased graphic matroids that are not quasi-graphic. It turns out that for matroids that are not 3-connected, the class of quasi-graphic matroids is nothing more than the union of the classes of lifted-graphic and frame matroids. While the class of biased graphic matroids that are not 3-connected is larger than this, we will see that the class admits a straightforward characterisation in terms of lifted-graphic and frame summands in a 2-sum decomposition.
Theorem 6.9. Let M be a biased graphic matroid with a 2-connected graph. Then M is quasi-graphic.
Proof. Let G be a 2-connected graph for M . By Theorem 6.6, M = M (G, B, L, F) for some proper tripartition (B, L, F) of the cycles of G. By Theorem 1.1, M is quasi-graphic.
We may now characterise the relationship between the classes quasi-graphic matroids and biased graphic matroids. Theorem 6.10. A connected matroid M is quasi-graphic if and only if M is a frame matroid, a lifted-graphic matroid, or a biased graphic matroid with a 2-connected graph.
Proof. By Theorem 6.1 all quasi-graphic matroids are biased graphic. By Theorem 6.9 all biased graphic matroids with a 2-connected graph are quasi-graphic. Thus we just need show that if M is a biased graphic matroid with a graph that is not 2-connected, then M is quasi-graphic only if M is frame or lifted-graphic. By Theorem 6.8 a biased graphic matroid with a graph that is not 2-connected has restriction to every block of the graph either frame or lifted-graphic. Such a matroid is quasigraphic if and only if either the restriction to each block of the graph is lifted-graphic, or the restriction to each block is frame.
We can also characterise quasi-graphic matroids within the class of biased graphic matroids in terms of matroid connectivity. Theorem 6.11. Let Q be the class of matroids consisting of the following sets of matroids, closed under direct sums:
(1) 3-connected biased graphic matroids, and (2) biased graphic matroids for which every 2-sum decomposition satisfies one of the following: (a) there is exactly one 3-connected biased graphic matroid while all remaining summands are graphic, (b) every summand is lifted-graphic, or (c) every summand is frame. Then Q is the class of quasi-graphic matroids.
Proof. By Theorem 6.1 all quasi-graphic matroids are biased graphic. By Lemma 6.2 all 3-connected biased graphic matroids have a 2-connected graph, and by Theorem 6.9 all biased graphic matroids with a 2-connected graph are quasi-graphic. Thus a 3-connected matroid is biased graphic if and only if it is quasi-graphic.
Let M be a connected quasi-graphic matroid that is not 3-connected, and let G be a graph for M . Suppose first that G is 2-connected. Then either M is frame or lifted-graphic, or by Lemma 4.8 M is obtained from a 3-connected biased graphic matroid by taking 2-sums with graphic matroids. Now suppose G is not 2-connected. Then by Theorem 6.8 the restriction of M to each of its summands in a 2-sum decomposition is either lifted-graphic or frame. Such a matroid is quasigraphic if and only if either every summand is lifted-graphic or every summand is frame.
Thus the class of biased graphic matroids differs from that of quasi-graphic matroids only in that a biased graphic matroid is permitted to consist of 2-sums of frame matroids and lifted-graphic matroids, while for such a 2-sum to remain in the class of quasi-graphic matroids, either all summands must be frame or all summands must be lifted-graphic.
Finally, we provide a third characterisation of those biased graphic matroids that are not quasi-graphic. This characterisation suggests that the two classes of quasigraphic and biased graphic matroids are perhaps even closer than the previous result would indicate. It also specifies even more precisely just how the two classes differ. Let (G, B) be a biased graph and let ((G v , B v ) : v ∈ V (G)) be a family of biased graphs with pairwise disjoint edge sets, all disjoint from E(G). Then there is a biased graphic matroid whose circuits are the sets of the following types:
(1) circuits of F (G, B), (2) circuits of L(G v , B v ) for some v, (3) unions of an unbalanced cycle C of G, an unbalanced cycle C of some G v , and a (v-C)-path in G, (4) unions of a pair unbalanced cycles C ⊆ G v and C ⊆ G w for some distinct v, w, and a (v-w)-path in G.
To see that this really is a matroid, observe that it can be obtained via successive 2-sums of a frame matroid corresponding to F (G , B) with members of a collection of lifted-graphic matroids corresponding to the L(G v , B v ), where G is obtained from G by adding a loop at each vertex and each G v is obtained from the corresponding G v by adding a single loop. Let us call such a matroid a broken handcuff matroid, and circuits of types (3) and (4) above its broken handcuffs.
Theorem 6.12. Let M be a connected biased graphic matroid. Then M is either quasi-graphic or a broken handcuff matroid.
Proof. Let M be a connected biased graphic matroid that is not quasi-graphic, and let H be a graph for M . By Theorem 6.9, H is not 2-connected. Consider a block K of H. To each cutvertex of H in K there corresponds a 2-separation of M ; let M K be the torso of M obtained from this star of 2-separations. This torso has an extra edge l v for each cutvertex v of H in K. Let K be the graph obtained from K by adding l v as a loop at v. Then M K is a biased graphic matroid with graph K , and is either frame or lifted-graphic since K is 2-connected. We call K a lift block if M K is lifted-graphic, and a frame block otherwise. If M K is lifted-graphic then it is unaltered by moving all the loops to be incident with the same vertex v of K. In H this corresponds to replacing each edge from a vertex w outside K to K with an edge from w to v. We now carry out this operation for all lift blocks; the matroid M is unaffected. After doing this, the union of all frame blocks is a connected subgraph G of H. For any vertex v of G, let G v be the union of all blocks of H which are cut from G by v. Then M is given as above from G and the G v .
